ABSTRACT The increasing heterogeneity of cellular networks makes the signal-to-interference-ratio (SIR) distribution challenging to derive, which restricts the further analysis of metrics that depend on it. In this paper, we establish a general heterogeneous cellular network (HCN) model to investigate the problem of spectrum allocation to the different tiers and propose an equivalent orthogonal network (EON) model to formulate the optimization problems. Specifically, we first employ the ASAPPP method which refers to ''an approximate SIR analysis based on the Poisson point process'' to provide accurate approximations to the spectral and energy efficiency in the EON. The approximations are then applied to spectrum allocation optimization problems, where the optimal SIR thresholds are derived, and, in turn, the optimal solutions are obtained that maximize the area spectral efficiency (ASE) and network energy efficiency (NEE), respectively. Interestingly, the optimal SIR threshold can be well approximated by an extremely simple expression that merely depends on the path loss exponent alone. The results indicate that neither full spectrum sharing nor full spectrum partitioning is optimal for all network parameters, such as density, transmit power, and so on, in terms of both the ASE and NEE. Instead, a hybrid scheme may perform the best. Moreover, different constraints on the spectrum efficiency can have a drastic impact on the performance of spectrum allocation schemes.
I. INTRODUCTION A. MOTIVATION
Heterogeneous cellular networks (HCNs) have gained much momentum in the wireless industry and research communities. In the context of HCNs, spectrum allocation plays an important role in both user-perceived and network-level performances due to the tradeoff associated with spectrum sharing and partitioning [1] . Spectrum sharing increases the bandwidth efficiency at the expense of high inter-tier interference, while spectrum partitioning eliminates the inter-tier interference at the cost of lower spectrum utilization. Since future networks are fusions of multi-standard and multi-band networks, some types of wireless access points (with different
The associate editor coordinating the review of this manuscript and approving it for publication was Qilian Liang. radio technologies) operate in non-overlapping frequency bands while other types of wireless access points share the same spectrum band. It means that spectrum sharing and partitioning schemes are likely to coexist in the future networks. This complicated network configuration greatly exacerbates the spectrum allocation problem in HCNs. Hence, for general HCNs, it is crucial to explore efficient techniques for tractable analysis and find the optimal operating regime of the spectrum allocation.
B. RELATED WORK
One line of works concerning the spectrum allocation issues focuses on finite network scenarios with different objective functions and constraints [2] - [6] , where the scenarios with hexagonally deployed macro cells or one macro cell overlaid by small cells are considered. However, the increasing VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ heterogeneity and density in cellular networks renders the traditional hexagonal models of limited utility and motivates another line of studies based on stochastic geometry, where various point process models accurately capture different spatial characteristics of network nodes. Given the need for interference characterization, stochastic geometry has emerged as a powerful mathematical tool to simplify the modeling and quantify the fundamental performance of wireless networks in different research fields [7] - [15] . Most of the stochastic geometry works on HCNs assume that base station (BS) deployments of different types follow mutually independent Poisson point processes (PPP) [9] , [10] to investigate the user-perceived performance (e.g., signal-to-interference-ratio (SIR) distribution or transmission rate) in [11] , [12] and network-level performance (e.g., throughput, area spectral efficiency (ASE) or network utility) in [13] - [15] . Although this common assumption makes the analysis tractable, it does not capture the spatial correlation between BSs. For instance, the macro BSs usually exhibit spatial repulsion [16] while the small cells covering the hotspots exhibit clustering [17] . Therefore, non-Poisson network models should be adopted to capture these actual spatial characteristics and investigate the spectrum allocation issues in general HCNs. However, for the non-Poisson models suitable for real deployments [16] - [18] such as the perturbed lattice, the β-Ginibre point process (β-GPP), clustering point process, etc., it is difficult (or even impossible) to derive exact results for the SIR distributions and the further metrics strongly depending on the SIR distribution in single-tier networks, let alone in HCNs. As a consequence, a further analysis and comparison of spectrum allocation schemes are prohibitively complicated. Fortunately, the ASAPPP (approximate SIR analysis based on the PPP) method [19] for single-tier networks yields a simple yet accurate approximation of the SIR distribution for general cellular networks modeled as non-Poisson deployments [20] , [21] , and our previous work [22] extends the approximative analysis of the SIR distributions to general HCNs. Based on the ASAPPP method, a very recent work [23] provides a fine-grained analysis of the SIR in both singletier and multi-tier general cellular networks using the concept of the SIR meta distribution introduced in [24] . Due to its simplicity, the ASAPPP method permits a further analysis and optimization of other performance metrics, including the analysis and design of spectrum allocation schemes for all stationary network models. In this work, we will fill this gap with new analytical results on the key network-level performance metrics of both ASE and network energy efficiency (NEE). As ASAPPP captures all stationary deployments [21] , it reflects the characteristics of realistic cellular systems including LTE deployments as well as 5G deployments, and the corresponding analytical results can provide key guidelines for system design and planning.
C. CONTRIBUTIONS
In this paper, we propose a novel framework to investigate spectrum allocation schemes for general HCNs based on the approximative SIR distribution obtained by the ASAPPP method. The specific contributions are summarized as follows.
• We propose an equivalent orthogonal network model to capture the coexistence of spectrum sharing and partitioning among different tiers in general HCNs. For two key performance metrics (ASE and NEE), we formulate the corresponding spectrum allocation optimization problem under different spectral efficiency (SE) constraints for users of each tier. The maximization problem is solved by decomposing it into two subproblems that can be solved consecutively.
• The first subproblem is to obtain the optimal SIR thresholds corresponding to the maximal spectral efficiency through the ASAPPP method. We provide an extremely simple approximation to the optimal SIR threshold that merely depends on the path loss exponent alone, based on which a simple yet accurate approximation is obtained for the maximal spectral efficiency. Then the second subproblem gives the optimal spectrum allocation based on the solution of the first one.
• For full spectrum sharing and full spectrum partitioning as well as hybrid cases, the results show that these three cases have their own optimum operating regimes in terms of both the ASE and NEE with different system parameters, such as the density, transmit power, etc.
• Different constraints for the spectrum efficiency significantly affect the performance of each spectrum allocation case and change the optimal spectrum allocation schemes.
II. SYSTEM MODEL A. NETWORK MODEL
We consider a general K -tier heterogeneous network in the interference-limited regime where the locations of the BSs in the k-th tier are modeled as an independent stationary point
Let µ k and λ k be the transmit power and node density of tier k, respectively. We suppose that the total bandwidth is split into M ≤ K parts, where the m-th part, m ∈ [M ], is allocated the fractional bandwidth b m and shared by tiers in the subset
, is a partition of the tier set [K ] . The number of possible partitions is the K -th Bell number. Specifically, M = 1 means full spectrum sharing, M = K means full spectrum partitioning, and 1 < M < K refers to hybrid schemes of both spectrum sharing and partitioning for different bands in the networks. It is assumed that all the BSs are fully loaded, which is a common assumption when evaluating the network performance at peak load. Each user is associated with the BS that offers the strongest average received power, and each BS is assumed to serve its associated users in a time-division fashion.
We further assume a power path loss law (x) = |x| −α with a path loss exponent α and independent Rayleigh fading with unit mean, E(h) = 1. Due to the stationarity of all k , we consider the typical k-th tier user located at the origin and the received SIR for the k-th type user is expressed as
where x 0 denotes the location of the serving BS in tier k, ν(k) returns the index of the bandwidth part used by tier k, and h x is the power fading coefficient associated with x. For an arbitrary user, the coverage probability is defined as
where θ is the target SIR threshold. In other words, the coverage probability is the complementary cumulative distribution (ccdf)F SIR (θ ) of the received SIR, i.e., P c (θ) ≡F SIR (θ ).
To facilitate the following analysis, we also define the coverage probability of the users served by tier k as
B. THE EQUIVALENT ORTHOGONAL NETWORK MODEL
According to the spectrum allocation to the different tiers, the original K -tier general HCN can be logically restructured into a HCN with M composite tiers, where the m-th composite tier is allocated the fractional bandwidth b m . Hence, no intercomposite-tier interference occurs, and M composite tiers constitute an equivalent orthogonal network, which is defined as follows. 
where composite tier˜ m uses the m-th fractional bandwidth and its density isλ m = k∈T m λ k . Through the EON model, general spectrum allocation schemes (full spectrum sharing, full spectrum partitioning, and hybrid schemes) can be converted into the spectrum partitioning between different composite tiers, which significantly simplifies the performance analysis.
III. THE ASAPPP APPROACH
Since the coverage probability is a fundamental metric for further analysis, we give a tractable and accurate approximation based on the ASAPPP method. Specifically, the coverage probability for the tiers with dedicated spectrum is approximated by standard ASAPPP (termed single-tier ASAPPP) method [20] , [21] , and the one with shared spectrum is approximated by the effective gain ASAPPP (termed multitier ASAPPP) method [22] .
A. SINGLE-TIER ASAPPP
The most tractable model for the BS locations is the homogeneous PPP model [20] , and the ccdf of the SIR with Rayleigh fading is given as [21] 
where δ = 2/α and 2 F 1 is the Gaussian hypergeometric function [25, Eqn. 15.3.1] . Since the locations of the BSs in each tier follow a general stationary point process, it is difficult (most likely impossible) to directly obtain an exact analytical expression of the coverage probability, which imposes restrictions on the further analysis for other key performance metrics based on the SIR. Hence it is of great importance to investigate good and universal approximation techniques to characterize the performance metrics for general network models.
It has recently been shown in [21] that the SIR distribution of single-tier non-Poisson networks can be accurately approximated by that of a Poisson network through scaling the threshold θ with a certain factor G, i.e.,
This approach of approximating the SIR distribution is called ASAPPP method [19] , which stands for ''approximate SIR analysis based on the PPP'' and can also be read as ''as a PPP'', indicating that the network is first treated as if it forms a PPP and then a shift (in dB) is applied to the SIR distribution. This shift can be regarded as the SIR gain of the nonPoisson model over the Poisson one, and it can be quantified using the mean interference-to-signal ratio (MISR) as
The MISR is defined as [20] MISR E I
for a network with base stations located at with serving BS x 0 . E h (S) = µ x 0 (x 0 ) is the signal power averaged over the fading. Hence the MISR is a purely geometric quantity that is independent of the fading model. The MISR for Poisson networks can be analytically derived as MISR PPP = 2/(α − 2) [20] . For other stationary point processes, the analytical expressions of the MISR and the asymptotic gain are currently unavailable, and thus one resorts to simulation approaches or the approximate expression in [26] . For repulsive point processes, G > 1, while for clustered point processes, G < 1.
As shown in [21] , the approximation is asymptotically exact as θ → 0, i.e.,
and thus the SIR gain is also termed the asymptotic gain. Furthermore, the error of the approximation based on the asymptotic gain is tightly bounded over the entire range of θ, VOLUME 7, 2019 and robust for different path loss exponents and fading models [21] . The single-tier ASAPPP is used to approximate the coverage probability for the tiers with dedicated spectrum allocation, i.e., no inter-tier interference, and we have
where P k (θ ) is the coverage probability of users in tier k, G k is the corresponding SIR gain, and #A denotes the cardinality of the set A.
B. MULTI-TIER ASAPPP
The above results are only valid in the case without inter-tier interference. If the m-th part of the bandwidth is shared by multiple tiers in T m , i.e., #T m > 1, single-tier ASAPPP cannot directly yield the approximative coverage probability. Hence we apply the effective gain ASAPPP method for HCNs [22] to approximate the coverage probability by scaling the threshold θ with the effective SIR gain, which is determined by relative transmit powers and densities and the SIR gains of tiers sharing the spectrum resource. Through the ASAPPP methods for single-tier and multitier networks, the following proposition provides an accurate approximation to the coverage probability of an arbitrary composite tier in the EON.
Proposition 1: Let w i
The coverage probability of the users served by composite tier m in the EON is accurately approximated as
Proof: For a composite tier with T m = {k} in the EON, the coverage probability is approximated via the single-tier ASAPPP method, given by
and we also obtainG m = G k per (10) . For a composite tier with #T m > 1 in the EON, the multi-tier ASAPPP method approximates the coverage probability with the effective gain per (10) and (11).
IV. AREA SPECTRAL EFFICIENCY OPTIMIZATION A. PROBLEM FORMULATION FOR PER-TIER SPECTRUM ALLOCATION
Under a fixed-rate transmission, the area spectral efficiency of composite tier m is defined as [7] 
where c m (θ m ) = P m (θ m ) log 2 (1 + θ m ) is the achieved SE of the typical user served by the m-th composite tier. Summing over [M ] , we obtain the overall area spectral efficiency of the HCN as
where
Here we consider an optimization problem termed ASE Maximization with EON Spectrum Partitioning. Specifically, given an EON model, the optimization problem is to maximize the ASE by jointly optimizing b and θ , where b presents the fraction of spectrum allocated to each composite tier and θ parameterizes to the specific modulation and coding schemes used in each composite tier. The corresponding problem is formulated as
Let θ * be the vector of SIR thresholds that maximize c m (θ m ), m ∈ [M ]. Inspecting Problem (15) , it can be seen that
This shows that the maximization of ASE(θ , b) can be performed by maximizing ASE(θ * , b) over b, and the optimal SIR thresholds that maximize the overall ASE are the ones that maximize c m (θ m ), m ∈ [M ]. As a result, the optimization can be carried out in two steps, first over θ and then b, which implies that Problem (15) can be decomposed into the following two consecutive subproblems:
Subproblem 2: max
B. SOLUTION OF SUBPROBLEMS
For Subproblem 1, each composite tier can be treated in isolation, and the goal is to find the optimal SIR threshold that maximizes the spectral efficiency c m (θ m ). It is hard to obtain the maximum by taking the derivatives w.r.t. θ m due to the complexity of the Gaussian hypergeometric function. Therefore, we first use the following lemma to reduce the feasible region of θ * m to a finite interval and then obtain the optimal solution using the fminbnd function in Matlab.
Lemma 1: Letting W(x) be the Lambert W function which solves W(x)e W(x) = x,
ζ m e
the global maximum of z m (θ ) is achieved in (0, ζ m ).
Proof:
The derivative of z m (θ ) can be written as z m (θ) = κ(θ )s(θ), where κ(θ ) > 0 for all θ > 0 and s(θ ) is given by
Since the monotonicity of z m (θ ) depends on the sign of its first derivative, whose sign is the same as that of the above expression, we have sign(z m (θ )) = sign(s(θ )) for all θ > 0. 
Letting
we have 
where ρ m = ln(1 + ζ m ) + 1 − α. Therefore, we obtain (19) using the Lambert W function. Subproblem 2 is an easily-solved linear program based on the optimal solution of Subproblem 1. In order to maximize the overall ASE, the optimal spectrum allocation is to allocate the total spectrum resource to the composite tier with the maximalλ m c * m , i.e., to set
where 1(·) is the indicator function. Hence, if the goal is ASE maximization, the entire bandwidth is allocated to a single (composite) tier, i.e., the HCN logically degenerates to a single-tier network. This changes if we factor in other constraints, such as deployment cost, user distribution, and fairness. The result without extra constraints serves as a benchmark for comparison.
C. OPTIMIZATION WITH CONSTRAINTS
In the following, we consider two types of constraints appended to the optimization problem. Firstly, we consider the minimum SE constraint to guarantee a minimum user performance in each tier. The minimum SE requirement for tier k is denoted by R k . For Problem (15) , this constraint is expressed as
where R m is the minimum SE requirement of composite tier m and R m = max k∈T m R k . The revised problem can also be solved in two steps, first over θ and then b. Therefore, two similar subproblems can be obtained where the first one for θ * is the same as (16) and the second one is given with the introduction of the minimum SE constraints based on (17), given by Subproblem 2': max 
where m = argmax i∈[M ]λ i c * i and we obtain the maximal overall area spectral efficiency. If not, the revised problem has no solution.
Secondly, we consider the fairness constraint that users of each composite tier should achieve equal SE, expressed as
where c is the maximum common SE achievable. For each tier, we have b m c * m = c, and with the sum constraint m∈ [M ] b m = 1, we obtain c = 1
and b m = c/c * m . Thus the sum spectral efficiency cM equals the harmonic mean of the individual spectral efficiencies c * m .
V. NETWORK ENERGY EFFICIENCY OPTIMIZATION
Since the energy consumption of cellular networks is dominated by the energy used at the BSs, we use a linear power consumption model as [27] 
where a k denotes the power amplifier efficiency at the transmit power µ k and k is the static power consumption (e.g., circuit power consumption, climate control, signal VOLUME 7, 2019 processing, etc.), independent of the transmit power. The network-level energy efficiency is defined as the ratio of the area spectrum efficiency to the area power consumption [27] , expressed by
Here we consider an optimization problem termed NEE Maximization with EON Spectrum Partitioning. Specifically, given an EON model, the optimization problem is to maximize the NEE by jointly optimizing b and θ, and the corresponding problem is formulated as
Similar to the ASE optimization, it can also be seen that
Therefore, the optimization can be also carried out in two consecutive steps, first over θ and then b, and Problem (33) can also be decomposed into two subproblems, where Subproblem 1 is the same as (16) and Subproblem 2 becomes
Since the denominator of the objective function depends on the spectrum allocation variables b, the solution of this Subproblem 2 cannot be obtained as straightforwardly as for the ASE optimization. However, the following lemma shows that spectrum allocation problems in the NEE case have a similar property as in the ASE case.
Lemma 2: The optimal solution of Subproblem 2 that maximizes the NEE is to merely allocate all the bandwidth to a certain composite tier.
Proof: Firstly, we assume that the optimal solution is to allocate the spectrum resource to n > 1 composite tiers, say l 1 , . . . , l n , and the maximum NEE is given by
However, it is obvious to obtain
where l m = argmax i∈{l 1 ,...,l n }λ i c * i , and a contradiction occurs that there is another solution to achieve a larger NEE than the optimal one. Therefore, the initial assumption that the optimal solution is to allocate all the bandwidth to n > 1 composite tiers must be false, and the optimal solution allocates the entire spectrum resource to just one composite tier.
With the help of Lemma 2, the optimal spectrum allocation that maximizes the NEE is given by
Furthermore, we also consider the minimum and fairness SE constraints. Following the same reasoning in (34), the revised problem can also be solved in two steps, first over θ and then b. Therefore, two similar subproblems can be obtained where the first one for θ * is the same as (16) and the second one is given with the introduction of extra constraints based on (35). For the minimum SE constraints, Subproblem 2 becomes
where, compared with (35), the indicator function in the objective function is removed due to the minimum SE requirements. Accordingly, θ * is obtained as in Section IV-B. For the bandwidth allocation, we also first assign the minimum bandwidth fraction
m ≤ 1 is satisfied, the remaining bandwidth is allocated to the tier
which is the same in the ASE optimization case. If not, the revised problem has no solution.
For the fairness constraints, Subproblem 2 is revised by replacing the extra constraint based on (39), and thus the optimal spectrum allocation is the same as that for ASE optimization with the fairness constraints.
VI. NUMERICAL RESULTS
In this section, we first present the numerical results of a three-tier general HCN constituted by a β-Ginibre point process (β-GPP) [16] , a PPP and a Matérn cluster process (MCP) [28, Chapter 3] . Specifically, the β-GPP models the spatial distribution of the BS tier with repulsion, where β captures the degree of repulsion and λ 1 is the density. The PPP models the spatial distribution of the BS tier with independent behavior and the density is λ 2 . The MCP models the spatial distribution of the BS tier with clustering behavior, where the parent point process of the MCP follows a PPP of density λ p and for each parent point x, the daughter points of each cluster are uniformly distributed within a ball B(x, r c ) with a mean number . The density of the MCP is λ 3 = λ p . The main symbols and parameters are summarized in Table 1 , and default values are given where applicable.
A. OPTIMUM SIR THRESHOLD
Since all the optimization problems considered can be solved in two cascaded steps, first over θ and then b, we first investigate the optimum SIR thresholds for different tiers modeled by different point processes. Fig. 1 shows the spectral efficiency c(θ) of the typical user for different SIR thresholds and gives the optimum SIR threshold that maximizes the spectral efficiency. It is shown that a larger asymptotic SIR gain yields a better spectral efficiency, which is consistent with the spatial statistics of the different point processes. Namely, point processes with repulsion yield less interference than the ones with attraction (clustering). We also observe that the value of c(θ ) is quite insensitive to θ and the optimum θ are quite close for different G. Therefore, even if the optimum θ is not chosen precisely (say 7 dB), c(θ ) will still be essentially optimum. Hence we provide a simple approximation for the optimum SIR threshold through observing the numerical results, given by
and thus an approximation for the maximum spectral efficiency c * m is given as Fig. 2 demonstrates the approximation (42) is quite accurate in terms of the optimum spectral efficiency for different α and G, because the value of c k (θ ) is quite insensitive to θ. Hence, the approximation will greatly accelerate the solution to the problem by obviating the use of the numerical nonlinear optimization tool fminbnd.
B. EQUIVALENT ORTHOGONAL NETWORK MODEL
For the tier set [3] , all possibilities of the set partitioning is 5 (i.e., the Bell number is 5), and we consider all five different EONs, which correspond to the five types of spectrum allocation schemes. Table 2 shows how to obtain the density and the SIR gain of each composite tier for different EONs via the parameters of the original HCNs.
C. AREA SPECTRAL EFFICIENCY
Here we present the numerical results concerning the ASE in the three-tier HCN. Fig. 3 shows how different spectrum allocation schemes affect the ASE for different densities of tier 2 and 3 under the case of no SE constraints. It is shown that the ASEs of different spectrum allocation schemes decrease or stay unchanged in the beginning phase of the increasing density ratio. The decline of the ASE is due to the SIR performance degradation caused by the inter-tier interference between the tiers sharing the same spectrum, and the fixed ASE results from the fact that the whole spectrum is allocated to tier 1. We also observe that the spectrum sharing schemes (e.g., T 1 = {1, 2, 3}) are not always the best in terms of the ASE performance. As the density ratio continues to increase, the increasing densities of the tier 2 and 3 compensate the SIR performance degradation and thus result in an ASE improvement. Fig. 4 shows the impact of the transmit power on the ASE performance. As the transmit power of the BSs in the tier 2 and 3 increases, the ASE stays fixed or decreases until a certain value is achieved. The reason is the same as that in Fig. 3 . The reason why the ASE for the case of T 1 = {1, 3}, T 2 = {2} becomes flat at about 19 dB is that the entire bandwidth is first allocated to T 1 = {1, 3} and then allocated to T 1 = {2} as the transmit power increases. Fig. 5 shows how the ASE varies with the density ratios for different spectrum allocation schemes with different constraints. The case with no SE constraints serves as a benchmark, and the performance variation has been illustrated in Fig. 3 . In the case with minimum SE constraints, the ASE for the spectrum sharing decreases first and then increases, and the ASE for the spectrum partitioning increases linearly with the density ratio. The reason of the ASE curve trend with increasing density ratio shown in Fig. 5 is the same as in the case with no constraints. In the case of fairness constraints, both ASEs increase linearly with the density ratio. We also observe that the ASE without SE constraints outperforms that with SE constraints. This is because the constraint mandates the allocation of resources to the tiers with lower λ k c * k (PPP and MCP tier) to guarantee the corresponding user performance, thus reducing the overall ASE. 
as a function of different densities of tier 2 and 3 for the full spectrum partitioning schemes with minimum SE and fairness constraints. It is shown that the case with no SE constraint allocates the entire spectrum to a single tier. We also observe that the fractional bandwidth vector b in the fairness case stays nearly fixed as the density ratio increases, and b in no and minimum SE cases changes suddenly at λ 2 /λ 1 ≈ 1.2, which is due to λ 2 c * 2 > λ 1 c * 1 as the density ratio increases. The above results show that deploying dense BSs with low transmit power is beneficial to improve the ASE for the HCNs for different spectrum allocation schemes and constraints, and different spectrum allocation schemes have their own operating regimes.
D. NETWORK ENERGY EFFICIENCY
We present the numerical results concerning the NEE in the three-tier HCN with default densities for different tiers, i.e., a dense deployment for tier 2 and 3. Fig. 7 shows how different spectrum allocation schemes affect the corresponding NEE with the varied static power consumption of the BSs in tier 2 and 3 under the case of no SE constraints. The spectrum sharing scheme of T 1 = {1, 2, 3} is not the best in term of NEE, in contrast to the ASE performance. For the spectrum partitioning scheme of T m = {m}, m = 1, 2, 3, the entire bandwidth is first allocated to tier 2 (the same as T 1 = {1, 3}, T 2 = {2}) and then to tier 3 (the same as T 1 = {1, 2}, T 2 = {3}), as the static power consumption increases. Fig. 8 shows how the NEE varies with the static power consumption for different spectrum allocation schemes with different constraints. Minimum and fairness constraints lead to worse NEE performance than without SE constraints, because of the high power consumption of tier 1. Since the minimum constraints enable the remaining spectrum resources to improve the ASE performance, it yields better NEE performance than fairness constraints.
The above results show that deploying dense BSs with low power consumption is beneficial to the NEE for the HCNs for different spectrum allocation schemes and constraints.
VII. CONCLUSION
In this paper, a novel framework was proposed to investigate spectrum allocations for general HCNs based on the ASAPPP approximation of SIR distributions. We proposed an equivalent orthogonal network model to capture different configurations of spectrum partitioning and sharing schemes, and further formulated the corresponding optimization problems for both ASE and NEE, which can be solved using the same approach. The optimal solution that maximizes the objective performance metics is to first obtain the optimal SIR VOLUME 7, 2019 thresholds through the ASAPPP method and then give the optimal spectrum allocation based on the optimal SIR thresholds. The insensitivity of the spectral efficiency around the exact optimal SIR threshold yields a simple yet effective approximation to the optimal SIR thresholds and corresponding maximal spectral efficiency. Without a spectral efficiency constraint for each tier, the ASE or NEE is maximized if the entire bandwidth is allocated to a single composite tier, and different spectral efficiency constraints significantly affect the optimal spectrum allocation schemes. The proposed framework provides an efficient approach to find the optimum operating regime for different spectrum allocation schemes for a wide range of network scenarios, which gives key insights to guide the design of HCNs. 
